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FiG. 5. Dimensionless coolant or heat flow as a function
of physical parameter involving absorbed incident radiation.

region having a free boundary can then be utilized to obtain
results for a related porous cooled problem. In this way
a porous region shape is obtained that will provide proper
cooling for a specified heat flux variation along a surface
while maintaining a specified uniform surface temperature,
A two-dimensional example is given where a surface is
subjected to thermal radiation from one direction. The
analysis applies for three dimensions, but the example is
limited to two dimensions because conformal mapping is
used to obtain the free boundary shape.
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NOMENCLATURE
C, solution of C e erfc € = 1/(A/n):
Cy, constant in R = C1";
C, constant in &, = C,./(vt):

Cp specific heat capacity;

F(i,¢,8%7,t"), function defined in text as (1 — §%);

Brp latent heat of vaporization;

ke, surface heat transfer coefficient at
interface between liquid and vapour;
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I4, ¢, B%,y.m,n), integral defined in text;

J. Jakob number (p/p Mc (T — T )/h,,):
Suffix , or , appliesto T:

k, thermal conductivity;
C2pr:

n, exponent in R = (' "

Pr, Prandt] number (v, 2);

g/ A), heat flux:

R. radius of bubble:

t, time:

T, temperature;

V, volume:;

X length coordinate (normal distance

from liquid-solid interface):

o, thermal diffusivity (k/pc,) of liquid:
, fral.
ke,
7 kyf(hdg):
d, thickness of microlayer:
i h,, :
Ty — To
é Sold/A)y
’ kI(Tw() - Tsal)
v, kinematic viscosity;
P, density.
Suffices
b, bulk liquid ;
g, growth:
i, interface, liquid—vapour:
I8 liquid:
m, microlayer
0, initial:
s, solid;
sat, saturation:
v, vapour;
w, wall surface.
INTRODUCTION

IT nas been shown [1] that when bubbles of vapour form
during boiling of a liquid at a heated flat wall, the rate of
growth of the bubbles is in some cases influenced by evapora-
tion from a thin layer of liquid (the microlayer) which forms
beneath the bubble. Early calculations of that evaporation
[2-8] have all assumed the microlayer to be initially
stationary and also used two or more of the following simpli-
fications when determining the rate of flow of heat from the
wall through the microlayer:

neglecting the thermal capacity of the microlayer

neglecting variation of temperature in the wall

neglecting initial heat flux in the system

assuming the microlayer to be “infinitely thick™

neglecting the temperature drop at the liquid—vapour

interface which arises from the finite rate of evaporation
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A numerical calculation has been carried out [9] which
determines the rate of evaporation from an initially stationary
microlayer, avoiding these simplifications. and the results
are presented here. Wide ranges of possible combinations of
properties of wall and fluid are covered by considering
appropriate ranges of dimensionless groups.

The aim was to provide a basis from which calculations of
bubble growth can be made, by methods such as [6. 7].
without any need to simplify this part of the analysis. For
such purposes it is preferable that the results should be an
analytic expression, rather than a graphical or tabulated
computer output. In a few cases. which are extreme or are
special in some other way, there are exact analytic solutions.
By taking these as a basis, it has proved possible to set up
single analytic expression which represents all cases within
a wide range, with an error ( + 15 per cent) which is generally
less than the other errors involved in incorporating this
element into a theory of bubble growth

FORMULATION OF ONE-DIMENSIONAL MODEL

The equations and initial and boundary conditions
governing the one-dimensional flow of heat through a sotid
and evaporating liquid as developed in [6] and [9]. are
presented in the appendix in non-dimensional form. At
least four non-dimensional groups are involved, and the
following are convenient:

p = 'ELE the ratio of thermal properties
0,¢ .
Wip of solid and liquid
(g/ A)yd . .
— %% i1 dimensionless wall heat flux
kl( Tw() - Tw)
. hy, . .
A= s dimensionless latent heat
el Too — T
k, . . .
v o= P dimensionless resistance to heat flow
70

at the liquid--vapour interface.

The equations have been solved numerically for a wide
range of these four groups, and the results are presented
dimensionlessly in terms of reduction in microlayer thick-
ness (1 — &%) where 6* = §/8, against time t* (=xt/52).
These results are taken to define a function F(A. ¢, B2, 7.t ")
= (1 — &%), and three typical sets of graphs are presented
here in Fig. 1. More detailed results were presented in [6].
for 1 =5, 50, ¢ =003, 0-3, g2 =1, 10, 1000 and y = 0.
In [8] the range was extended to include f* = 0 and o..
In [6] and [8] computed values of wall temperature (T )
as a function of t* were also presented, and these compare
favourably with experimentally measured wall temperature
transients reported in [10]. In [9] an intermediate value
of 15 was included for 4, the range of ¢ was extended to 1-0
and the effect of 7 was included, taking values 0-03 and 0-3.
Selection of these values for y involved the current uncertainty
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FiG. 1. Dimensionless reduction of microlayer thickness
{1 — 57)against dimensionless time (¢ ¥). Full lines represent
the numerical results, crosscs represent the approximate
expression. (a) ¢ = 003, A = 50,y = 0.

B d=031=5y=0

Qo =03,1=5p8=1

¥ X
2 4 // /
B 7 1o, Ly Xty
L x/ / /
x/ X N
/x /
- /
X
X
/ X / x/
>4
i // @
a
/X/x
/Jx | ] | | i !
| 03 i 3 to 30 00 300 1000
!i—
o X X X
.o lx')|(9/ | x/ Q W
¥
i
03 //"
X:
X
Otk /
X
/x/
003k
— (b)
0-0t 1 1 i i 1 i
001 003 0! 03 i 3 10 30
’+
1 q e
/,f:’xx
7
23k 5
]
/x/
x/
NS X
¥ X
7,
ooaosk Ny
) y=0 X X x/
2 /x/
~— X
[eXorl o / /
vx?xoos |
o co3pf 03
. {©
200 H i i H 1 f J[
COoM 003 ol 003 Ot 03 \ 3 1o



1814

concerning the value ofh; and the associated accommodation
coefficient. As discussed in [9], recent evidence from [11]
suggests that, for water, y is less than 01 for pressures
exceeding 0-1 atm and for bubble life exceeding 0:1 ms.

ANALYTIC SOLUTIONS AND APPROXIMATIONS

Exact analytic solutions are obtainable in various simple
or extreme cases. Three such cases have been considered
in {9] and the solutions combined to give an approximate
analytical expression for F. The three cases are:

(i)Allowingformovement oftheinterface(i.e. A unrestricted)
but taking ¢ = 0, 2 = I and y = 0. The solution can be
derived from [12] §11.2. and is

5

R fet ~ “; fegt
F=(1-08"=204t7) =TT 2/11\,/71”'“ )
where C is the solution of Ce” erfc C = 1/(A/n) and the
approximation is within 1 per cent for 4 > 4.

(i) Allowing for variation of ¢ and 8 but neglecting move-
ment of the interface (ie. / large) and taking y = 0. The
problem reduces to conduction through a composite slab,
for which a solution is given in [12] §12.8, yielding

& 2 1—-¢
F=(l-é=2r 4%
( ) /”Lt +\/(n) A

= (B — 1\ s
P Wierfe 2|
. [1 £Am L (/3 T 1> e \/(m]

(i) Allowing for variation of ¢ and y but again neglecting
movement of the interface and also taking p* = 1. This
problem reduces to conduction through a single body, for
which a solution is given in [12] §2.7, yielding

¢ 1—¢u+y){‘zl ,,

=(1—-6")==t" +- tr
F=( ) 7 + \/(7!)\/‘ )

/

—pl— e V(t }
i
In all three cases the expression for F is valid only if it is less
than 1. If the expression exceeds 1, then F is taken to be 1.
When these three analytic expressions and the numerical
results are considered together, some suggestions arise:
(a) the effect of the movement of the interface might be
largely allowed for by writing (A — 2/n) instead of 1.
(b) since y has most effect when t* < y* < 1, and $* has
most effect when t* ~ 1 or greater. the effects of 7 and j*
(together with ¢) might be largely allowed for by an expres-

sion combining the square brackets of (ii) and the curved
brackets of (iii). Thus the suggested approximate expression

is:
¢ t++<1—d>(1+yi
A—2/n A—2/n

X [1 + 2ym) 2 (lﬁ ; 1) ierfc :/’(;—;)]

F=(1-0%=
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Agreement between this expression and the numerical
solution is good provided 0 < * < 1. and also good for
larger values of B2 until F exceeds about 0-3. A reasonably
simple modification which improves agreement for F > 03
with 2 > 1 is to multiply the expression above by

B 1f2n? )
%’1 + ﬁ_ﬁ (*7) }when /3" =1

The resulting expression has been calculated for many
cases throughout the range: results are shown as crosses on
the graphs of Fig. 1. As shown in these graphs and by more
detailed consideration in [9], the approximation is generally
within a few per cent. and always within +15 per cent
throughout the range 5 < 4 < 50.0 < ¢p < 1.0 < 7 < 03,
all §2.

APPLICATION TO BUBBLE GROWTH RATE

In [6] a general expression is derived for the volume (7))
of vapour evaporated from the microlayer of a hemispherical
bubble, assuming that its radius grows as a constant power
of time (R = C,t" and assuming also (after [3]) that
8, = C,/(vt,). The expression is:

nC 2\/(\}

y = 2nrE a0 2T
m (*( +n)

where

Fli, ¢, B2y, t'/m)

2 . _
I, ¢.%,yv.m.n) = ( 0y TEe

where m = C2Pr and a transformation ¢ =(t/t, — 1) has
been made.

Evaluation of I is in general complicated by the variation
of 8, with radius, causing ¢ and y to depend on radius and
hence ont’. These complications can be avoided by assuming
that the effects of ¢ and y are negligible (ie. ¢ =y = 0).
If we also assume that evaporation of the mlcrolayer is the
solesourceof vapour for growthofthebubble, then V,, = ZnR?
hence n = 1 and C, is determined, giving an expression for
bubble growth:

R= %CZ\/(Vt)-I =
For these cases, with ¢ = 7 = 0, n = 4, the integral [ was
evaluated for some values of 1, 82, min [ 6] and more generally
in [9], using the analytic expression derived above for F.
Results are given in Table 1 below, in terms of the group
{11 /(m)}. As shown in [3], p. 929, the effect of evaporation
from the curved surface of the bubble is readily included.
provided the liquid was initially at uniform temperature T,.
The effect is to add a second term 2./(3/n)M,./(at) to the
radius.

3 en{AL (m)).
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Table 1. Values of {AJ(m)¥2, &, %, v, m,n)} withp =3 =0

andn =1
i=5 2=50
NP 4 o 110w
m
4 085 097 107 076 085 100
1 08 107 113 076 101 148
L 081 124 076 114 190

109

Analyses of this type fail when the effects of ¢ and y

10.
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APPENDIX

Formulation in Non-dimensional Terms

are taken into account, as it will no longer be valid to take
R = C,t" It appears that a less analytic approach will be
needed, and a step-by-step numerical technique is probably
required, for which the analytic expression given above for
F may be of value.

Taking as non-dimensional variables:
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7= L= e =
TwO - Tsa! 5%
xi{» __,ﬁ .’C: =x:»k1 54- _i
50 5Oks 50
the equations, initial conditions and boundary conditions
become:
<
arry  ory P
gx—;? = -5;;;— m Ilql’ﬂd
o*Ty oT} -
st P nsolid
TH=T? bfort* >0
oT;  oT; atxf =x} =0
ox;  ax’
art
el at large x7
ax: ¢ g VS J
T =1-—o¢x 0<xt <d"
T =1+¢x] attt =0
& =1
T a6 T}
——a¥:= 5;:=——‘ atxf:-é‘” fort* >0
A7)

where the four non-dimensional groups, £%, ¢, 4 and y are
defined in the text.



